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Correspondence principle for the diffusive dynamics of a quartic oscillator:
deterministic aspects and the role of temperature
Renato M. Angelo∗
Federal University of Parana´, Department of Physics,
P. O. Box 19044, Curitiba, 81531 990, Parana´, Brazil.
The correspondence principle is investigated in the framework of deterministic predictions for
individual systems. Exact analytical results are obtained for the quantum and Liouvillian dynamics
of a nonlinear oscillator coupled to a phase-damping reservoir at a finite temperature. In this context,
the time of critical wave function spreading – the Ehrenfest time – emerges as the characteristic
time scale within which the concept of deterministic behavior is admissible in physics. A scenario of
quasi-determinism may be then defined within which the motion is experimentally indistinguishable
from the truly deterministic motion of Newtonian mechanics. Beyond this time scale, predictions
for individual systems can be given only statistically and, in this case, it is shown that diffusive
decoherence is indeed a necessary ingredient to establish the quantum-classical correspondence.
Moreover, the high-temperature regime is shown to be an additional condition for the quantum-
classical transition and, accordingly, a lower bound for the reservoir temperature is derived for our
model.
PACS numbers: 03.65.Yz, 03.65.Ta, 03.65.-w, 05.20.Gg
I. INTRODUCTION
A widely accepted explanation for the emergence of
classical behavior from the quantum substratum is pro-
vided by the environment-induced decoherence (EID)
program [1, 2, 3, 4]: the interaction of the system with
many uncontrollable external degrees of freedom (the en-
vironment) yields a dramatic destruction of quantum co-
herences prohibiting, as a consequence, the existence of
quantum superpositions in the macroscopic world. Deco-
herence, an experimentally demonstrated effect [5, 6, 7]
to which real systems are inevitably submitted, is the
essence of the arguments given by EID defenders to ex-
plain, for instance, why an astronomical body behaves
classically [8, 9] and to address fundamental questions, as
for instance the Schro¨edinger cat paradox and the mea-
surement problem [10].
Recent works, however, have discussed the real ef-
fectiveness of decoherence as a necessary mechanism to
guarantee the quantum-classical transition. In refer-
ence [11], e.g., the authors show that a small amount
of smoothing (due to apparatus resolution) is sufficient
to ensure the classical limit. In [12], it is argued that
diffusive decoherence can produce only an attenuation
of quantum coherences, not their complete destruction.
The authors thus conclude that the classical limit is a
matter of experimental resolution. Another important
objection raised in references [11, 13] points out to the
fact that decoherence is not able to reduce the spreading
of the wave function. Yet, in reference [14] relevant ques-
tions concerning the role of the high-temperature limit
and the generality of environment models have been ad-
dressed. Such a present debate forbids one to believe that
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the understanding of the quantum-classical transition is
an exhausted subject.
In this work the correspondence principle is discussed
by means of an analytical analysis carried out for the the
dynamics of a nonlinear oscillator coupled with a phase-
damping reservoir composed by N harmonic oscillators
in thermal equilibrium. Such a thermal bath has been
shown to be effective in modelling nondissipative deco-
herence for a long range of finite temperatures [15]. With
the help of this model, the quantum-classical correspon-
dence is analyzed in two main directions, as indicated
below.
(i) On one hand, it is investigated the correspondence
between the quantum centroid and the Newtonian tra-
jectory. This analysis is motivated by Einstein’s paper
to Born about the foundations of quantum mechanics
[16]. Einstein concludes that the only possible interpre-
tation for the wave function is the one based on statis-
tical ensembles but, on the other hand, emphasizes the
“inevitably conception that Physics must ferment a real-
istic description of only one system”. Indeed, “nature as
a whole may be thought as an individual system (existing
only one time, with no need for repetitions) and not as a
‘ensemble of systems’.”[16]. Einstein’s dissatisfaction is
invoked here in terms of the following motivating ques-
tion: what can quantum mechanics predict about the fu-
ture of an individual system? Obviously, such a question
intends to challenge the quantum formalism to realize a
task which is supposed to be an exclusiveness of Newto-
nian mechanics. However, since physics is fundamentally
concerned with experimental observations, which in turn
are inevitably limited by the apparatus resolution, it is
reasonable to conceive that neither the idea of an objec-
tive reality (usually associated with classical beliefs) nor
a completely indeterministic scenario (usually associated
with quantum world) can be maintained. In fact, as it
is argued in Sec.IV, once a margin of error is defined the
2concept of deterministic behavior can be physically ac-
cepted, at least for the short-time dynamics of initially lo-
calized wave functions. Moreover, it is shown that within
such a short-time regime (the Ehrenfest regime) deco-
herence is not effective, in agreement with the claims of
ref.[11, 13].
(ii) On the other hand, beyond this time scale within
which deterministic behavior is expected to be experi-
mentally verifiable, predictions for individual systems can
be given only in terms of statistical averages and vari-
ances. In this case, the quantum-classical correspondence
is investigated in terms of comparisons between quantum
and Liouvillian results, for which the experimental res-
olution is also regarded. In Sec.V, it is shown that de-
coherence is indeed a necessary mechanism to promote
the quantum-classical correspondence. Our results show
in addition that the reestablishment of the quantum-
classical correspondence can be ensured by purely dif-
fusive decoherence only within the regime of high tem-
peratures.
II. THE MODEL
Recently, a model of reservoir has been proposed which
is able to describe nondissipative decoherence at finite
temperatures [15]. Here, it is investigate the dynamics of
a system composed by such a reservoir coupled to the well
known [12, 17, 18] quartic oscillator. The Hamiltonian
of the model reads
Hˆ = HˆS + HˆR + HˆI , (1a)
where
HˆS = ~ωs
(
nˆs +
1
2
)
+ ~2 gs
(
nˆs +
1
2
)2
, (1b)
HˆR =
N∑
k=1
~ωk
(
nˆk +
1
2
)
, (1c)
HˆI =
N∑
k=1
~
2 gk
(
nˆs +
1
2
) (
nˆk +
1
2
)
. (1d)
The constants gs and gk denote, respectively, the non-
linearity parameter and the coupling parameter, whereas
ωs and ωk stand for the harmonic frequency of the non-
linear oscillator and the harmonic frequencies of the bath
oscillators. The initial joint quantum state is assumed to
be
ρˆ(0) = |α0〉〈α0| ⊗ e
−βHˆR
Tr
[
e−βHˆR
] , (2)
where β = (kBT )
−1 and T is the equilibrium tempera-
ture. The assumptions of separability (for the initial joint
state) and purity (for the system state) are both conve-
nient for a suitable construction of the respective classi-
cal distribution. The corresponding classical dynamics is
described in terms of the Hamiltonian
H = HS +HR +HI , (3a)
where
HS = ωs
(
p2s + q
2
s
2
)
+ gs
(
p2s + q
2
s
2
)2
, (3b)
HR =
N∑
k=1
ωk
(
p2k + q
2
k
2
)
, (3c)
HI =
N∑
k=1
gk
(
p2s + q
2
s
2
)(
p2k + q
2
k
2
)
. (3d)
For convenience, new canonical variables qk = Xk
√
mkωk
and pk = Pk/
√
mkωk have been used instead of the usual
position-momentum pair (Xk, Pk). The quantum and
classical Hamiltonians are correctly related by the scheme
of bosonic quantization proposed in ref.[19]. A Gaussian
spectral distribution given by
gk =
Ω√
N
exp
[
−pi (k − k0)
2
2N2
]
, (4)
where k0 = N/2 and Ω is constant, will be assumed in
our calculations in the next sections. As has been shown
in ref.[15] it allows for the appropriated implementation
of the thermodynamic limit (N → ∞). For simplicity
and convenience, the assumption ωk = ω0 will be also
adopted here. As discussed in ref.[15], although restric-
tive, this choice does not change the main properties of
the model, namely, the Gaussian decay for the quantum
coherences and the structural form of the decoherence
time.
For the Liouvillian dynamics the following phase space
distribution is used:
ρ(0) =
e−
(qs−q0)
2
~√
pi ~
e−
(ps−p0)
2
~√
pi ~
N∏
k=1

e− p
2
k
+q2
k
z ~
z pi ~

 , (5)
where
z−1 = tanh
(
β ~ω
2
)
. (6)
This distribution corresponds to the Wigner function
of ρˆ(0) given by (2). Note that the Wigner function
for the reservoir state reduces to the traditional Boltz-
manian function e−β HR/Tr
(
e−β HR
)
only in the high-
temperature regime (β ~ω ≪ 1).
There are several reasons supporting the choice of this
model, namely: (i) as it has been shown in [15], the
phase-damping reservoir induces nondissipative decoher-
ence at finite temperature, this being one important dif-
ference from other purely diffusive environments [12, 20];
(ii) the nonlinear oscillator used as the system of interest
constitutes a paradigm of nontrivial quantum dynamics
which exhibits interference and cat formation [17, 18];
(iii) classical and quantum solutions are analytical and
exact for all regimes of parameters, with no need for ei-
ther Markovian or weak coupling assumptions.
3III. ANALYTICAL RESULTS
A. Newtonian results
The Newtonian solution is obtained by integrating
the system of 2(N + 1) differential equations defined by
Hamilton’s equations, q˙k = ∂pkH and p˙k = −∂qkH . The
final result for the Newtonian trajectory of the system
can be conveniently written in matrix notation as fol-
lows:
RN (τ) =M1 [φN ] R0, (7a)
where
φN (τ) ≡ ωs τ
~ gs
+
(
RT0 R0
~
)
τ +
∑
k
gk
gs
(
p2k + q
2
k
~
)
τ,
(7b)
M1[χ] ≡

 cosχ sinχ
− sinχ cosχ

 , (7c)
where RN (τ) ≡
(
qs(τ)
ps(τ)
)
, R0 ≡
(
q0
p0
)
, and RT0 R0 =
p20+ q
2
0 . For convenience, all results have been written in
terms of the following dimensionless parameter:
τ = ~ gs t. (8)
Note that the Newtonian solution does not depend at
all on ~. The effect of the nonlinearity becomes evident
in equations above: the rotation matrix M[φN ] becomes
dependent on the initial condition R0. This fact can
be interpreted as the basic mechanism responsible for
the twist found in the dynamics of classical distributions
[12, 17] and for the dynamical formation of cat states
(quantum superposition of several coherent states), as
shown in ref.[18].
B. Quantum results
The analytical solution for the reduced density ma-
trix associated with the system of interest is obtained
by taking the trace of the global density matrix, ρˆ(t) =
e−ıHˆt/~ ρˆ(0) eıHˆt/~, over the reservoir degrees of freedom,
i.e., ρˆS(t) = TrRρˆ(t). As shown in ref.[15], the result can
be written in Fock basis as
ρˆS(τ) =
∞∑
n,n′=0
e−|α0|
2 αn0√
n!
(α∗0)
n′
√
n′!
e−ı(n
2−n′2)τ ×
e−ı(n−n
′)(1+ ωs~gs +
G1
2gs
) τ Cn−n′(τ) |n〉〈n′|, (9)
where G1 ≡
∑
k gk and
Cn−n′(τ) ≡
N∏
k=1
1− e−β~ωk
1− e−β~ωke−ı(gk/gs) (n−n′) τ . (10)
From (10) we see that
|Cn−n′ | =
∏
k

1 +
sin2
[
gk
gs
(n−n′) τ
2
]
sinh2
[
β~ωk
2
]


− 12
. (11)
For short times (τ ≪ 1) this function behaves as
|Cn−n′ | ≃ e−(n−n
′)2 τ2/τ2DQ , (12)
where τDQ, which denotes the characteristic decoherence
time of the phase-damping reservoir, is given by
τDQ =
√
8
gs
G2
sinh
(
β ~ω
2
)
, (13)
with G22 ≡
∑
k g
2
k. (In the thermodynamic limit G2 ≃
0.89Ω.) Result (12) shows the character of Gaussian de-
cay induced by the phase-damping reservoir over the off-
diagonal terms (n−n′ 6= 0) of the density operator given
by (9). Hereafter the assumption ωk = ω, as suggested
in [15], will be implemented for simplicity.
The column matrix RQ(τ) ≡
(
〈qˆs〉
〈pˆs〉
)
, defined in terms
of the expectation values of the position and the mo-
mentum, is calculated with the help of the usual rela-
tions: 〈qˆs〉 =
√
~/2(〈aˆ†s〉+〈aˆs〉) and 〈pˆs〉 = ı
√
~/2(〈aˆ†s〉−
〈aˆs〉), where 〈aˆs〉 = Tr[aˆsρˆS(τ)] and 〈aˆ†s〉 = Tr[aˆ†sρˆS(τ)].
The calculations of these terms are too lengthy (though
straightforward) in virtue of the many degrees of free-
dom of the system, and so they will be omitted. The
final result can be written as
RQ(τ) =
(
Γ1QM1[θ1Q]
)(
Λ1QM1[φ1Q]
)
R0, (14a)
where
Γ1Q(τ) ≡ |C−1(τ)| , (14b)
Λ1Q(τ) ≡ exp
[
−
(
RT0 R0
~
)
sin2 τ
]
, (14c)
θ1Q(τ) ≡ ı ln
[ |C−1(τ)|
C−1(τ)
]
+
G1 τ
2 gs
, (14d)
φ1Q(τ) ≡ 2 τ + ωs τ
~ gs
+
(
RT0 R0
2 ~
)
sin(2 τ). (14e)
The definition of the auxiliary dimensionless functions,
Γ1Q, Λ1Q, θ1Q, and φ1Q, in equations (14b)-(14e), al-
lowed to write the final result (14a) in such a suitable
compact form, which will be useful for further compar-
isons. Interestingly, in Eq.(14a) the term Λ1QM1[φ1Q],
depending solely on parameters associated with the quar-
tic oscillator, and the term Γ1QM1[θ1Q], related to the in-
teraction with the reservoir, have been factorized. Note
that Γ1Q is an attenuation factor describing the envi-
ronmental decoherence (see Eq.(12)) whereas the factor
Λ1Q is the one responsible for the well known revivals
4occurring in the closed dynamics of the quartic oscilla-
tor [17, 18, 21]. In fact, in the absence of the reservoir
(Ω = 0 and Γ1QM1[θ1Q] = 1), one may verify from (14c)
the occurrence of revivals at the instants
τR = npi (n = 1, 2, 3, · · · ). (15)
This phenomenon, which has been shown to be a signa-
ture of the self-interference mechanism [18], has no clas-
sical analogue, as can be seen in the corresponding Li-
ouvillian result given by Eq.(22e). In references [12, 17],
numerical simulations comparing quantum (Wigner and
Husimi) with classical distributions indeed demonstrate
the absence of interference in the classical dynamics.
Note by (7) and (14) that one may rigorously verify
that
lim
~→0
RQ = RN (16)
in the absence of environmental reservoir (Ω = 0).
In contrast, for Ω 6= 0 this relation no longer holds,
what can be demonstrated from (11) by showing that
lim
~→0
|Cn−n′ | < 1, for t > 0. It is important to realize
that this is not an effect of the many degrees of freedom
composing the reservoir. In fact, the inequality applies
even for only one oscillator in the reservoir. Rather, it
occurs because the entanglement among the subsystems
does not vanish asymptotically as ~ tends to zero (see,
e.g., [22]).
For the quadratic terms, R2Q ≡
(
〈qˆ2s〉
〈pˆ2s〉
)
, a really te-
dious but equally straightforward calculation yields
R2Q(τ) =
(
RT0 R0+~
2
) (
1
1
)
+
Γ2Q Λ2Q
(
1
−1
)
RT0√
2
M2 [θ2Q + φ2Q]
R0
2 , (17a)
where
Γ2Q(τ) ≡ |C−2(τ)| , (17b)
Λ2Q(τ) ≡ exp
[
−
(
RT0 R0
~
)
sin2(2 τ)
]
, (17c)
θ2Q(τ) ≡ ı ln
[ |C−2(τ)|
C−2(τ)
]
+
G1 τ
gs
, (17d)
φ2Q(τ) ≡ 6 τ + 2ωs τ
~ gs
+
RT0 R0
2 ~
sin(4 τ), (17e)
M2[χ] ≡

 cosχ sinχ
sinχ − cosχ

 . (17f)
Once again, several dimensionless functions have been de-
fined to guarantee compactness of the main result (17a).
Also, Γ2Q and Λ2Q are terms associated with the reser-
voir and with the quartic oscillator, respectively.
Then, for the quantum variances, written as
(∆RQ)
2 ≡
(
∆q2Q
∆p2Q
)
=
( 〈qˆ2s 〉 − 〈qˆs〉2
〈pˆ2s〉 − 〈pˆs〉2
)
, (18)
we have
(∆RQ)
2
=
(
1
1
) [
~
2 +
RT0 R0
2
(
1− Γ21Q Λ21Q
)]
+(
1
−1
)
RT0√
2
{
Γ2QΛ2QM2[ψ2Q]− Γ21QΛ21QM2[2ψ1Q]
}
R0√
2
,
(19)
where ψiQ ≡ φiQ + θiQ, with i = 1, 2.
C. Liouvillian results
The time evolved Liouvillian distribution is obtained
by integrating the Liouville equation, as shown in ref.[23].
The formal solution is given by
ρ(qk, pk, t) = ρ(qk(−t), pk(−t), 0). (20)
This formula establishes that the result can be obtained
by replacing the arguments qk and pk of the initial distri-
bution ρ(qk, pk, 0) given by Eq.(5) by the Newtonian tra-
jectories evolved backwards in time, qk(−t) and pk(−t),
respectively.
Classical statistical averages are calculate as
〈F 〉L(t) =
∫
dV F ρ(qk, pk, t), (21)
where dV = dqsdpsdq1dp1 · · · dqNdpN .
With formulas (20) and (21), it is possible do cal-
culate the Liouvillian averages 〈qs〉, 〈q2s 〉, 〈ps〉, 〈p2s〉,
and also the related variances, ∆q2L = 〈q2s〉 − 〈qs〉2 and
∆p2L = 〈p2s〉 − 〈ps〉2. As for the quantum analysis, al-
though straightforward, the calculations are too lengthy
and do not add any further information to the results,
so they can be omitted. The Liouvillian results may be
written as:
RL(τ) =
(
Γ1LM1[θ1L]
)(
Λ1LM1[φ1L]
)
NR0, (22a)
5where
Dm(τ) ≡
∏
k
[
1− ım
(
gk
gs
)
z τ
2
]−1
, (22b)
Γ1L(τ) ≡ |D1(τ)| , (22c)
η1(τ) ≡ 1 + τ2, (22d)
Λ1L(τ) ≡ η−11 exp
{
−
(
RT0 R0
~
)
τ2
η1(τ)
}
, (22e)
θ1L(τ) ≡ ı ln
[ |D1(τ)|
D1(τ)
]
, (22f)
φ1L(τ) ≡ ωs τ
~ gs
+
τ
η1(τ)
(
RT0 R0
~
)
, (22g)
N(τ) ≡ 1
η1

 1− τ2 2 τ
−2 τ 1− τ2

 , (22h)
with NTN = NNT = 1. M1 is the rotation matrix defined
by (7c), RL ≡
(
〈qs〉
〈ps〉
)
, and R0 =
(
q0
p0
)
. In Eq.(22b), the
index m is such that m = 1, 2 (see, e.g., equations (22c)
and (25b)).
In the short-time regime the classical attenuation fac-
tor reduces to
|Dm(τ)| = e−m
2 τ2/τ2DL , (23)
where τDL, the Liouvillian analogue of the decoherence
time (13), is given by
τDL =
√
8
gs
G2
tanh
(
β ~ω
2
)
. (24)
Once again the reservoir contributions could be fac-
torized in the analytical solution for the centroid. Here,
however, an extra rotation associated with the nonlinear-
ity of the oscillator is imposed upon the initial condition
R0 through the matrix N.
It is worth emphasizing that the attenuation factor
Λ1L does not exhibit any revival, as has been men-
tioned. While quantum distribution are able to suffer
self-interference, which in turn produces relocalization
and revival in the amplitude of the centroid, classical
distributions do not interfere, as shown in [12, 17].
For the quadratic terms, R2L ≡
(
〈q2s〉
〈p2s〉
)
, we have
R2L(τ) =
(
RT0 R0+~
2
) (
1
1
)
+
Γ2L Λ2L
(
1
−1
)
RT0√
2
M2 [θ2L + φ2L] N2
R0√
2
, (25a)
where
Γ2L(τ) ≡ |D2(τ)| , (25b)
Λ2L(τ) ≡ η−12 exp
[
−4
(
RT0 R0
~
)
τ2
η2(τ)
]
, (25c)
η2(τ) ≡ 1 + 4 τ2, (25d)
θ2L(τ) ≡ ı ln
[ |D2|
D2
]
, (25e)
φ2L(τ) ≡ 2ωs τ
~ gs
+ 2
(
RT0 R0
~
)
τ
η2
, (25f)
N2 ≡ 1
η22

 1− 12 τ2 2 τ (3− 4 τ2)
−2 τ (3− 4 τ2) 1− 12 τ2

 . (25g)
For the Liouvillian variances, written as
(∆RL)
2 ≡
(
∆q2L
∆p2L
)
=
( 〈q2s〉 − 〈qs〉2
〈p2s〉 − 〈ps〉2
)
, (26)
the following result has been obtained:
(∆RL)
2 =
(
1
1
) [
~
2 +
RT0 R0
2
(
1− Γ21L Λ21L
)]
+
(
1
−1
)
×
RT0√
2
{
Γ2LΛ2LM2[ψ2L]N2 − Γ21LΛ21LM2[2ψ1L]N21
}
R0√
2
,
(27)
where ψiL ≡ φiL + θiL with i = 1, 2.
Figures 1 and 2 illustrates the main characteristics
of quantities such as RTNRN = R
T
0 R0 (Newtonian),
RTQRQ = Γ
2
1QΛ
2
1QR
T
0 R0 (quantum), and R
T
LRL =
Γ21LΛ
2
1LR
T
0 R0 (Liouvillian) for the closed (Ω = 0) and
the open (Ω > 0) dynamics of the quartic oscillator.
Quadratic terms such as RTR, constructed with the re-
sults (7a), (14a), and (22a), are convenient to plot be-
cause they do not display the oscillations due to the ro-
tation matrix M1. The effect of diffusive decoherence in
destructing quantum revivals becomes evident in the fig-
ure. Next, the correspondence principle is discussed with
the help of these results.
IV. QUASI-DETERMINISM
The concept of determinism is mainly concerned with
philosophical beliefs, according to which there are laws
(hidden or not) univocally connecting the past and the
future of every dynamical system, including animals and
human beings. There is no chance for free choice. Note
that the success of Newtonian theory in making predic-
tions for the macroscopic world gives scientific support
for such a philosophical concept. On the other hand, any
attempt to apply the concept to the microscopic world
will fail, once the notion of a trajectory linking the past
60
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FIG. 1: Behavior of RT(τ )R(τ )/~ as a function of τ for New-
tonian (dashed lines), quantum (thin solid lines) and Liou-
villian (thick solid lines) theories. These numerical results
have been obtained for RT0 R0/~ = 8.0 and gs/Ω = 5.0 (weak
coupling). In (a) it is shown the simulations for the closed
dynamics (Ω = 0), for which the revival phenomenon can be
observed in the quantum dynamics at the instants npi. In
(b) we see the results for the open dynamics (Ω = 0.1 and
N = 50) in a regime of high temperature (β~ ω = 0.1). Quan-
tum result becomes classical, in the Liouvillian sense, due to
environmental decoherence.
and the future does not exist in the quantum realm. In
fact, variances are always present, as predicted by Heisen-
berg’s uncertainty principle. Despite this fact, it is still
possible to defend the idea of determinism by speculating
on the existence of some sort of hidden laws (or hidden
variables).
This paper, however, does not intend to settle this
controversial question from an ontological viewpoint, as-
serting at the end whether determinism exist or not.
Rather, the aim is to use the tools of the physical sci-
ence, namely, fundamental laws and experimental inves-
tigations, to evaluate under which conditions the concept
of determinism is acceptable in physics. In particular, the
following test will be employed here: if the position and
the momentum of a particle can be correctly predicted
at a given instant for an individual system, then the con-
cept of determinism will be regarded as a meaningful
one in physics. This is what we call a scenario of quasi-
determinism, since the motion will be experimentally in-
distinguishable from the truly deterministic Newtonian
one. It is important to keep in mind this specific conno-
tation attributed here to the word determinism, since it
will be used from now on to incite the discussion about
the central problem: the correspondence principle.
The argument motivating the historical statement of
the correspondence principle is the one according to
which quantum results must match classical ones be-
cause macroscopic world is correctly described by clas-
sical physics. However, from a rigorous point of view
this reasoning cannot be considered as completely cor-
0
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4
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(b)
FIG. 2: Behavior of the mean variance defined by ∆2 ≡
(∆q2+∆p2)/2 as a function of τ for quantum (thin solid line)
and Liouvillian (thick solid line) theories in units of ~. These
numerical results have been obtained for the same parame-
ter values of Fig.1. The simulations for the closed dynamics
(Ω = 0) are shown in (a), where it is possible to see the relo-
calization of the quantum wave function at the instants npi.
In (b) we see the results for the open dynamics (Ω = 0.1 and
N = 50) in a regime of high temperature (β~ ω = 0.1). Deco-
herence induces diffusion which makes the quantum variances
similar to the Liouvillian ones.
rect. Actually, it strongly depends on our capability of
making the experimental checking. Extremely accurate
measurements on the center of mass position of a macro-
scopic projectile near the surface of the Earth, would in-
dicate some dispersion around the Newtonian parabolic
trajectory. In fact, once we admit that the classical world
is governed by quantum laws at a microscopic level, we
have to conceive the center of mass motion as being de-
termined by the quantum dynamics of all quantum parti-
cles composing the projectile. Accordingly, the center of
mass is expected to behave quantum mechanically, with
variances such as ∆xcm = (〈xˆ2cm〉 − 〈xˆcm〉2)
1
2 being asso-
ciated with its motion. That is, in principle, the quan-
tum nature of the center of mass, and thus the deviation
from Newtonian predictions, could be verified by such
an accurate measurements. In this context, the status
of the Newtonian mechanics as the basis for enunciating
the correspondence principle is questionable.
To circumvent these difficulties, the following approach
is proposed. We assume that the quantum-classical cor-
respondence is achieved when quantum predictions are
consistent with the concept of determinism (such as de-
fined above). That is, if quantum mechanics is capable
of making correct predictions for an individual system
(what is expected to occur in a macroscopic regime) then
the correspondence principle will be satisfied. As a conse-
quence, since in this case the wave function dispersion is
expected not to be detectable in virtue of the insufficient
experimental resolution, Newtonian predictions can be
successfully applied as well. Then, the approach is the
7following: for insufficient experimental accuracy, quan-
tum dispersion is not apparent, Newtonian predictions
is adequate, and the concept of deterministic behavior
survives in physics. In this case, in virtue of Ehrenfest’s
theorem, quantum mechanics will also succeed in making
predictions for individual systems, at least for the short-
time dynamics of initially localized wave functions (see,
e.g., the famous example of the chaotic moon of Saturn
[8, 9], for which the estimated Ehrenfest time is about
two decades) and, at the end, Einstein’s requirements
will be satisfied.
Let us consider, as a first example, the quantum dy-
namics of a free particle initially prepared in a minimal
uncertainty state. A well known calculation [24] shows
that the product of the quantum variances evolves as
∆x(t)∆p(t) =
~
2
√
1 +
(
~ t
2m∆x20
)2
. (28)
Consider now an experience in which the phase space res-
olution, defined by the measurement device, is given by
the action δS, which here will be given by δS = M ~/2,
M being an arbitrary real number. The product given in
(28) achieves the critical value δS for
tdet = tEM
√
1− 1
M2
, (29)
where
tE =
2m∆x20
~
. (30)
tE is the time scale firstly derived by Ehrenfest [25] for
the critical spreading of the free particle wave function.
(In his work, Ehrenfest showed that tE can reach large
values for macroscopic particles.) Now, within the time
scale defined by tdet the quantum dispersion of the wave
function is smaller than the experimental resolution, so
it is not possible to distinguish the quantum character
of the phenomenon. In this case, Newtonian mechanics
can be successfully applied to make predictions about the
future phase space state (x, p) of the particle. In other
words, up to the instant tdet the idea of a deterministic
behavior is physically acceptable (within the experimen-
tal precision considered). Then, within this time scale,
quantum mechanics satisfies Einstein’s principle as a the-
ory capable of making predictions for individual systems,
and in turn, the quantum-classical correspondence (as
we have defined it) has been achieved. Beyond this time
scale, quantum mechanics indeed fails in making predic-
tions for individual systems, but exactly the same thing
occurs with Newtonian mechanics. The determinism has
been lost and the correspondence breaks off.
Now these ideas are applied to the dynamics of the
nonlinear oscillator in the presence of the reservoir. Is
decoherence capable of extending the time scale of de-
terminism? It has already been pointed out in some
works [11, 13] that decoherence is not able to reduce the
wave function spreading. Since the spreading is the basic
mechanism responsible for the breakdown in the deter-
minism, as it has been suggested by the example above,
one can anticipate that decoherence is not able to realize
such a task. In fact that can be demonstrated in our
model as follows.
Firstly, it is easy to see that decoherence does not re-
strain spreading. Using gs = 0 (the system of interest is
now a harmonic oscillator) one obtains, by (12) and (19),
the following long-time (τ > τDQ) variances product:
∆qQ(∞)∆pQ(∞) = ~
2
+
RT0 R0
2
. (31)
This result is larger than ~/2, which is the value obtained
for the closed dynamics of a harmonic oscillator. Clearly,
purely diffusive decoherence has induced diffusion.
Secondly, let us consider the nonlinear oscillator un-
der decoherence in a situation in which the experimen-
tal resolution is written as δS = M~/2. Since q and
p plays essentially the same role in our model we chose
for convenience an average phase space variance ∆2 ≡
(∆q2Q +∆p
2
Q)/2 instead of the product ∆qQ∆pQ. Defin-
ing the determinism break time, τdet, as the instant at
which the mean variance becomes comparable to the ex-
perimental resolution (∆2 = δS), one may use (19) to
obtain
1− Γ21Q(τdet) Λ21Q(τdet) =
~
RT0 R0
(M − 1). (32)
Interestingly, a quite similar result is obtained when one
compares the quantum centroid (14a) with the Newto-
nian trajectory (7a) through the prescription 12 (R
T
NRN −
RTQRQ) = δS. This attests the consistence of our ap-
proach: the determinism break time, τdet, which corre-
sponds to the time of critical spreading, is directly related
to the instant at which quantum centroid and Newtonian
trajectory stop agreeing.
Expanding Eq.(32) for τdet ≪ 1 one obtains
τdet =
τ
(c)
det√
1 +
[
τ
(c)
det
τDQ
]2
2RT0 R0
(M−1)~
, (33)
where
τ
(c)
det =
√
(M − 1)~2
2(RT0 R0)
2
. (34)
In these expressions τ
(c)
det denotes the break time for
the closed dynamics of the nonlinear oscillator and τDQ
the decoherence time given by Eq.(13). Equation (33)
demonstrates that decoherence does not extend the de-
terminism time scale, since τdet < τ
(c)
det. Therefore, in the
context of Einstein’s requirements for individual systems,
decoherence plays no essential role.
In addition, by (8) one may write τdet = ~ gs tdet to
show, with the help of the results above, that tdet ∝
8~
− 12 ∝ tE , where tE is the Ehrenfest time for the quar-
tic oscillator [19, 26]. This is another indicative that
the time scale of determinism is indeed equivalent to the
Ehrenfest one.
V. THE QUANTUM TO CLASSICAL
TRANSITION
Once we accept the validity of the uncertainty prin-
ciple at the basis of the microscopic phenomena we are
forced to regard the Newtonian mechanics as an incom-
plete theory. In fact, since the initial phase space state
(q0, p0) of a particle can never be determined with ar-
bitrary precision, the future phase space state can be
predicted only statistically. Hence, the feeling of an ob-
jective reality disappears. In this scenario, the Liouvillian
theory turns out to be the more general classical theory,
whereas the Newtonian theory works as an approxima-
tion for the short-time regime of narrow distributions, as
suggested in the precedent section. Thus, the correspon-
dence principle is now discussed by comparing quantum
with Liouvillian results, for times beyond the determin-
ism time scale defined in the precedent section.
Firstly one should note from our analytical and exact
results that there is no regime of parameters (with or
without the reservoir) capable of making quantum and
classical results mathematically identical. Although ap-
parently naive, this sentence emphasizes, in agreement
with [11, 12, 13], the approximated character of the
quantum-classical correspondence and, in turn, the role
of the experimental resolution in defining it. Accord-
ingly, once again the theoretical action δS =M~/2, with
M real, will play the role of the experimental phase space
resolution in our calculations.
The future phase space state of an individual system
subjected to either quantum or classical statistical fluc-
tuations can be predicted only in terms of averages and
variances as (〈q〉, 〈p〉) ± 12 (∆q,∆p). Then, the quantum-
classical correspondence will be investigated in terms of
the following differences:
D(τ) =
1
2
∣∣〈R〉TQ(τ) 〈R〉Q(τ) − 〈R〉TL(τ) 〈R〉L(τ)∣∣ (35)
for the centroids and
D(τ) =
∣∣∣∣∣∆q
2
Q(τ) + ∆p
2
Q(τ)
2
− ∆q
2
L(τ) + ∆p
2
L(τ)
2
∣∣∣∣∣ (36)
for the variances.
These definitions disregard, for simplicity, the influ-
ence of the rotation matrices M1,2 and N but capture
the attenuation effects due to both the reservoir and the
nonlinearity. Using results (14a), (22a), (19), and (27),
its is possible to show that both equations above reduce
to
D(τ) =
∣∣Γ21Q(τ) Λ21Q(τ) − Γ21L(τ) Λ21L(τ)∣∣ RT0 R02 . (37)
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FIG. 3: Numerical results ofD(τ )/~ obtained for the same pa-
rameter values of Fig.1. The horizontal dashed lines indicate
the critical resolution in units of ~ (here, δS/~ = 1). In (a),
where the simulation for the closed dynamics (Ω = 0) is plot-
ted, the differences occurs due to the quantum revival. In (b)
and in (c) we see the results for the open dynamics (Ω = 0.1
and N = 50), for which β ~ω = 1.0 in (b) and β ~ ω = 0.1 in
(c). Note that quantum results become classical only in the
high-temperature regime.
This result demonstrating the equivalence between (35)
and (36) suggests the existence in this model of a com-
mon dynamics for the quantum-classical differences as-
sociated with the centroids and with the variances. As a
consequence, one may conceive the existence of a single
time scale describing the breakdown in the correspon-
dence, this being a counter-example contributing to the
discussion raised in ref.[27].
In Fig.3 the behavior of the function D is shown as
a function of τ for the closed and the open dynamics of
the nonlinear oscillator in two different regimes of tem-
perature. Note that diffusive decoherence, modelled in
terms of our phase-damping reservoir, is indeed effec-
tive in restoring the quantum-classical correspondence.
However, a word concerning the role of temperature is in
order.
Results (13) and (24) indicate that the attenuation ef-
fects due to the reservoir may occur also for low tempera-
tures. However, in such a regime the differences between
quantum and Liouvillian decay times become more ac-
centuated. Indeed, from (13) and (24) it is easy to show
that
τDQ = τDL cosh
(
β ~ω
2
)
. (38)
Now, the differences in the decays for the low-
temperature regime (β ~ω ≫ 1) become evident. This
result turns out to be an indicative that the high-
temperature regime is an additional necessary condition
for the establishment of the quantum-classical transition.
However, this is not the whole truth, since the condition
τDQ = τDL does not automatically imply that τDQ < τR,
where τR is the revival time given by (15). In fact, since
9τR is the time scale which determines the appearance of
purely quantum effects, such as quantum interference,
the classical limit is guaranteed by imposing that deco-
herence occurs early. In general one may state that the
quantum-classical transition is achieved as long as the de-
coherence time be smaller than the time scale for which
quantum phenomenon (e.g., self-interference) takes place
in the dynamics. In our model this condition implies, by
(13) and (15), that
kB T
~ω
>
gs
2Ω
, (39)
where the high-temperature regime (β ~ω ≪ 1) and the
thermodynamic limit (N → ∞, G2 → 0.89Ω) have al-
ready been considered. This simple relation establishes
the lower bound for the value of the reservoir tempera-
ture capable of yielding the quantum-classical transition.
In addition, this result shows that nondissipative deco-
herence inducing quantum-classical transition can occur
at finite temperatures.
VI. SUMMARY
In this paper, the exact quantum and Liouvillian dy-
namics of a quartic oscillator coupled with a purely diffu-
sive reservoir at arbitrary temperature have been solved
analytically in terms of expectation values and vari-
ances associated with the phase space variables. The re-
sults demonstrate the effectiveness of our reservoir model
in describing nondissipative decoherence and inducing
quantum-classical transition.
Concerning the correspondence principle, this paper
intend to contribute in two main directions. On one
hand, examples were given showing that the Ehrenfest
time is intimately connected with the time scale within
which the concept of determinism (suitably defined) is
acceptable in physics. In fact, within the Ehrenfest time
scale initially localized wave functions remain sufficiently
narrow in such a way that its dispersion cannot overcome
the limits imposed by the experimental resolution. In
this case, Newtonian and quantum mechanics are both
well succeeded in making predictions for individual sys-
tems, thus satisfying Einstein’s requirements. Beyond
the Ehrenfest time scale quantum predictions deviate
from Newtonian ones, but the latter are no longer cor-
rect. This analysis gives answer to Einstein’s insatisfac-
tion and also attributes a new physical meaning to the
Ehrenfest time. In addition, it has been shown that diffu-
sive decoherence plays no essential role within such a time
scale, this being a point of agreement with the claims of
ref.[11, 13].
On the other hand, in a second direction, this pa-
per shows that although decoherence is indeed necessary
to reestablish quantum-classical correspondence beyond
the determinism time scale, a certain amount of coarse-
graining (related to experimental resolution) is also re-
quired in order to characterize the correspondence in a
more precise way. This is necessary since the quantum-
classical correspondence cannot be fully achieved at a
mathematical level. Also, our results points out to the
fact that the high-temperature regime is another funda-
mental ingredient in the scenario of the quantum-classical
correspondence. A quantification of how high the reser-
voir temperature must be, in order to guarantee the cor-
respondence, is given for our model in terms of a lower
bound for the temperature. Although the assumption of
T →∞ appears in several approaches (see, e.g., [12, 20])
as an artifact to simulates the effects of diffusive decoher-
ence from the traditional dissipative master equations,
here it is justified in terms of physical conditions. Yet,
our approach points out to the possibility of modelling
diffusive decoherence at finite temperatures.
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